In this work, a theoretical study on the growth of macropores fabricated from n-type silicon by photoelectrochemical etching in HF-based electrolytes is reported. By solving the diffusion equation into the pores, we deduce a self-consistent model which can be used for quantitative prediction of the growth speed and pore depth. The limiting factor of the growth, i.e., the HF concentration at the pore tip, is shown to be a nonlinear function of the pore depth, a fact not accounted for by the current literature. A reduced model with a closed analytical solution is presented as well. Finally, the predictions of the full and reduced models are compared with the experimental data. © 2005 American Institute of Physics. ͓DOI: 10.1063/1.1915534͔ Anodic etching of silicon in HF-based electrolytes, both in n-and p-type substrates, is widely used for the fabrication of random and ordered porous layers whose applications range from photonics, 1 to biomedics, 2 micromachining, 3 gas sensors fabrication, 4 etc. Nonetheless, understanding of the macropore growth is still not completely clear and limited to semiempirical models based on ad hoc hypotheses. 5, 6 Anodic dissolution of silicon is activated by holes. In n-type substrates they are commonly photogenerated by illuminating the back surface of the silicon substrate. The electrochemical reaction at the silicon surface is limited either by charge transfer in the silicon or by ionic diffusion in the electrolyte. The transition between these two mechanisms, which lead to two strongly different surface morphologies, is characterized by a current-density peak J ps in the currentvoltage curve. If the etching current density J is larger than J ps , the dissolution is limited by ionic transfer rate, and silicon is uniformly etched ͑electropolishing͒. For J Ͻ J ps , the dissolution is limited by holes supply: in this case, holes concentrate at the surface defects, which are preferentially etched, resulting in the formation of vertical pores. Stable pore growth occurs when a steady-state condition exists at the pore tip between ionic diffusion in the electrolyte and holes supply in the silicon. In this condition, the current density at the pore tips equals J ps . Using this technique, ordered macropore arrays and microstructures, 5, 7, 8 are fabricated by lithographically prepatterning the defects on the silicon wafer.
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A commonly accepted growth model for pores 5 is based on the hypothesis that all charge transfer occurs at the tips, i.e., that the pore walls are passivated against the dissolution process. This means that, at any given time, the HF flux F inside the pore is constant. This model concludes that ͑1͒ the depth x p of the pore is proportional to the square root of the etching time; and ͑2͒ the HF concentration at the pore tip C tip linearly decreases with the pore depth. 5 However, statements ͑1͒ and ͑2͒ are not consistent, as a matter of fact, if C tip decreased linearly with x p , the HF flux F, which is proportional to ͑‫ץ‬C / ‫ץ‬x͒ x p , should not depend on the depth; as the growth rate of the pore is proportional to F, i.e., constant, the pore depth would be linearly dependent on the etching time, in contrast with the first assumption.
In this work, a theoretical study of the macropore growth in n-type silicon is reported. Starting from the same assumptions of Ref. 5 , and solving the diffusion equation into the pores, we show that for the depth of pores to be proportional to the square root of the etching time, the HF concentration at the pore tip has to be a nonlinear function of the pore depth. The linear behavior reported in Ref. 5 is an approximation, and is only valid for small pore depths. An analytical reduced model for quantitative estimation of macropore growth, both for short and long etching times, is also reported.
If the diffusion kinetics is much faster than the pore growth kinetics, 6 the stationary diffusion equation can be used to describe the diffusion of HF inside the pores:
where C is the HF concentration ͑with dimensions in cm −3 ͒, D the diffusion coefficient of HF molecules in the electrolyte, and x is the spatial coordinate. Equation ͑1͒ implies that the flux F of HF is independent of the position inside the pore for a given pore depth, i.e., is not a function of x. The general solution of Eq. ͑1͒ is
where the natural boundary condition C͑0͒ = C 0 is already satisfied. F can be determined by the boundary condition at the pore tip. Lehmann introduced the following relationship for the current density at the pore tip:
where J tip equals J ps , i.e., the critical current density for an equivalent flat silicon electrode at a given HF concentration, and c and E a are constants. As J tip is proportional to the HF flux at the tip, 9 Eq. ͑3͒ can also be written as
where K is a constant ͑with dimensions in cm 5/2 s −1 ͒ to be determined. Substitution of Eq. ͑2͒ into Eq. ͑4͒ yields
where x p is the pore depth in centimeter. Equation ͑5͒ defines ͑implicitly in F͒ the other boundary condition for the diffusion equation ͑1͒. The pore growth is controlled by the rate equation:
where p is the pore growth velocity in cm s −1 , N Si is the atomic density of silicon in cm −3 , and m was already defined in note. 9 Substitution of Eq. ͑5͒ into Eq. ͑6͒ finally gives the following first-order ordinary differential equation ͑ODE͒:
with the boundary condition x p ͑0͒ = 0. The initial pore growth rate, call it p0 , clearly equals KC 0 3/2 / mN Si , so that Eq. ͑7͒ can be rewritten in the more compact form:
where x p0 = D / K ͱ C 0 is a characteristic depth of the system.
Typical values for x p0 ͑which will be deduced later͒ are in the range of 0.015-0.03 cm ͑150-300 m͒ depending on the HF concentration. Equation ͑8͒ cannot be easily solved in a closed form, but as long as x p ͑dx p / dt͒ remains small ͑i.e., much smaller than x p0 p0 ͒ its right-hand side can be approximated with 1 − ͑3x p /2x p0 p0 ͒͑dx p / dt͒, leading to an ODE which can be easily integrated by separation of variables, with solution:
This result is in accordance with the commonly accepted square root relationship between x p and t. 5 From Eq. ͑9͒ an expression for p can be obtained:
. ͑10͒
Substitution of Eq. ͑10͒ and Eq. ͑6͒ into Eq. ͑2͒ finally gives the following expression for the concentration at the pore tips:
͑11͒
which is clearly not linear with x p . This analysis fails when x p p is comparable with x p0 p0 ; for large x p , Eq. ͑11͒ leads to the nonrealistic result C tip Х C 0 /3.
An asymptotic study for large t, that is, for x p ӷ x p0 , is also possible. We note that, for long times, both sides of Eq. ͑7͒ must vanish for the equation to be physically consistent. If the growth velocity did not vanish, the product x p p ͑or Fx p , which is proportional to it͒ would become arbitrarily large. This fact, and Eq. ͑2͒, would imply negative HF concentrations after a certain time. We thus suppose for the growth rate an asymptotic behavior of the type
Substitution of Eq. ͑12͒ into Eq. ͑8͒ allows us to determine the constants a and b. After a few passages, the following are obtained:
From this analysis, an asymptotic expression for C tip can be deduced as well:
.
͑14͒
The asymptotic behavior is thus that of an indefinitely growing pore, whose depth x p is again proportional to the square root of time. The behavior of x p for large t observed in Eqs. ͑9͒ and ͑13͒ is different ͑the growth is slower in the former case͒. This is not surprising, as the Taylor approximation used to obtain ͑9͒ led to an underestimation of F with respect to the exact value, which can be obtained by solving Eq. ͑5͒ numerically. This underestimation leads to the discrepancy in the growth speed between the two asymptotic cases. As expected, Eq. ͑14͒ shows that the concentration at the pore tips vanishes for long etching times. The unknown parameters D , K, and m in the equations above were obtained from experimental data on the macropore growth rate for a given HF concentration C 0 . The growth rate was measured by pulse modulation of the etching current during the pore fabrication. 5 This method uses a modulation of the etching current density from a given value J l to a higher value J h to change the porosity of the macropore array, that is, the size of the growing pores. This current pulse, short enough to avoid perturbation of the growth rate due to the porosity change, marks the pore with thin, high porosity markers, distributed along the length of the pore, and from the observation of the cross section the growth rate can be measured. Value and time duration of J l and J h were chosen, respectively, ͑1͒ to etch macropores with a porosity of 25% for 600 s; and ͑2͒ to etch markers with a porosity of 35% for 60 s. The resulting marker length was about 1 m. The etch lasted for 70 min, and the final pore depth was about 120 m. The substrate used for the experiment was an n-doped, ͑100͒-oriented silicon wafer with a resistivity of 2.4-4 ⍀ cm. The measured critical current density J ps was 95 mA cm −2 . The composition of the anodization solution was 5% HF͑vol͒:95% H 2 O͑vol͒, with 1000 ppm ͑0.1%͒ of a surfactant as a wetting agent. The resulting C 0 was 1.5ϫ 10 21 cm −3 . Figure 1 shows the experimental data ͑void circles͒ measured for the growth of a regular macropore array with pores of 2 m in size and pitch of 4 m. Least-square fitting of the data in Fig. 1 against Eq. ͑9͒ ͑solid line͒ gives an estimation for m / K and m / D. The fitting curve ͑solid line͒ shows that the analytical reduced model is in good agreement with the experimental data in the specific time and depth range. K can be independently determined from Eq. ͑4͒ ͑see note 9 ͒ as K = J ps / eC 0 3/2 . This analysis gives K = 10.15ϫ 10 −15 cm 5/2 s −1 ; substitution of this value in the fitting parameters gives then m = 2.66 and D = 8.575ϫ 10 −6 cm 2 s −1 , in good agreement with the other values reported in literature. 5, 6 The resultant characteristic depth x p0 has a value of 0.218 cm ͑218 m͒. We expect a good accuracy of the reduced model as x p remains significantly below this value. Numerical solution of Eq. ͑8͒ ͑dashed line in Fig. 1͒ , using the above calculated K , m, and D, shows that the analytical model leads to a negligible error in this case, when a pore of about 120 m was grown.
An analysis of the behavior of C tip can be carried out as well. Figure 2 compares C tip against the pore depth x p for several cases: ͑1͒ the analytical reduced model, Eq. ͑11͒ ͑solid line͒; ͑2͒ the asymptotic model, Eq. ͑14͒ ͑dotted line͒; ͑3͒ the full model of Eq. ͑7͒ solved numerically ͑dashed line͒; and ͑4͒ the model presented by Lehmann in Ref.
The numerical solution tends to the reduced and asymptotic model for short and long times, respectively, as expected. C tip is clearly a nonlinear function of the pore depth x p , even if, at any given depth, the HF concentration is a linear function of x, as clarified in Fig. 3 . The solid lines show C͑x͒ ͓Eq. ͑2͔͒ at different times ͑and depths͒, while the dashed line is the related C tip = C͑x p ͒. For comparison, the dash-dot line is the concentration as implied by the standard model. The generality of our approach does not really come at the cost of introducing a differential equation ͓Eq. ͑7͔͒, which cannot be solved in a closed form, because for many practical applications ͑i.e., when x p0 is larger than the grown depths͒, the analytical reduced model can be used. 
